Published by Institute of Physics Publishing for SISSA Received: May 20, 2005 Accepted: June 21, 2005 Published: July 13, 2005

Marginal deformations with U(1)^3 global symmetry

Changhyun Ahn^{ab} and Justin F. Vázquez-Poritz^{ac}

aSchool of Natural Sciences, Institute for Advanced Study Einstein Drive, Princeton NJ 08540, U.S.A. bDepartment of Physics, Kyungpook National University Taegu 702-701, Korea cDepartment of Physics, University of Cincinnati Cincinnati OH 45221-001, U.S.A. E-mail: ahn@ias.edu, jporitz@ias.edu

Abstract: We generate new 11-dimensional supergravity solutions from deformations based on U(1)^3 symmetries. The initial geometries are of the form AdS_4 × Y_7, where Y_7 is a 7-dimensional Sasaki-Einstein space. We consider a general family of cohomogeneity one Sasaki-Einstein spaces, as well as the recently-constructed cohomogeneity three L^{p,q,r,s} spaces. For certain cases, such as when the Sasaki-Einstein space is S^7, Q^{1,1,1} or M^{1,1,1}, the deformed gravity solutions correspond to a marginal deformation of a known dual gauge theory.

Keywords: p-branes, M-Theory.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep072005032 /jhep072005032 .pdf

Contents

1. Introduction 1

2. Deforming AdS_4 × Q^{1,1,1} 3

3. Cohomogeneity one generalization of Q^{1,1,1} 6 3.1 The Z^{p,q,r,s} spaces 6 3.2 Deforming AdS_4 × Z^{p,q,r,s} 9

4. M^{1,1,1} and its cohomogeneity three generalization 10 4.1 Deforming AdS_4 × M^{1,1,1} 10 4.2 Deforming AdS_4 × L^{p,q,r,s} 11

5. Further directions 14

A. Compendium of Sasaki-Einstein spaces 15

B. The details for cohomogeneity three generalization of M^{1,1,1} 18

C. Deforming AdS_5 × L^{p,q,r} 19

1. Introduction

A marginal deformation of N = 4 super Yang-Mills theory to N = 1 theory preserving U(1)×U(1) global symmetry, along with a U(1)_R symmetry, provides a new type IIB supergravity background geometry [1] via the AdS/CFT correspondence [2 – 4]. The gravity dual of the original undeformed theory has an isometry group which includes U(1) × U(1). The marginal deformation of the gauge theory can be described by an SL(2, R) transformation acting on a 2-torus T^2 in the gravity solution. This particular SL(2, R) transformation produces a non-singular geometry provided that the original geometry is non-singular. Gravity duals corresponding to marginal deformations of other field theories based on conifolds and toric manifolds are also given in [1].

A prescription for finding the marginal deformations of eleven-dimensional gravity solutions with U(1)^3 global symmetry was also provided in [1], and was applied to the case of AdS_4 × S^7. The isometry group of S^7 is SO(8). The U(1)^3 symmetries can be embedded in the SU(4) subgroup of SO(8), which implies that the deformed solution preserves two supersymmetries in three dimensions. With the appropriate coordinates, the angular direc-

– 1 – tions corresponding to the three U(1)’s can be identified, and the metric can be written in a form that explicitly shows the three-torus T^3 symmetry. An additional angle is related to the SO(2)_R = U(1)_R R-symmetry, which is a symmetry of the usual 3-dimensional N = 2 superconformal field theories. Two of the T^3 angles are used to dimensionally reduce and T-dualize the solution to type IIB theory. Performing an SL(2, R) transformation and then T-dualizing and lifting back to eleven dimensions on the transformed directions yields a new 11-dimensional solution. This deformed solution has a warp factor, as well as an additional term in the 4-form field strength, which depends on the deformation parameter. In the limit of vanishing deformation parameter, the original AdS_4 × S^7 solution is regained.

This prescription can be readily applied to other 11-dimensional solutions with geometries of the form AdS_4 × Y_7 provided that, in addition to the R-symmetry group, the isometry group contains U(1)^3. Although the operator that we are adding to the lagrangian of the corresponding three-dimensional dual gauge theory is not known, we expect that this is a marginal deformation because the deformed theory is conformal. We will consider cases for which Y_7 is a 7-dimensional Sasaki-Einstein space. Then the initial 3-dimensional dual gauge has two supersymmetries and the deformation does not break any supersymmetry. A d-dimensional Sasaki-Einstein space can be defined as the Einstein base of a Calabi-Yau cone, and can always be written in canonical form as a U(1) bundle over an Einstein-Kähler metric. This U(1) corresponds to the R-symmetry of the gauge theory. The requirement that the global symmetry group of the gauge theory includes U(1)^3 corresponds to the condition that the U(1)^3 lies within the isometry group of the Einstein-Kähler base space. The isometry groups of most of the Sasaki-Einstein spaces we consider have SU(2) or SU(3) elements, which contain U(1) and U(1)^2 subgroups, respectively. Thus, the resulting deformed spaces have isometry groups in which the SU(2) and SU(3) factors are replaced by U(1) and U(1)^2 accordingly.

Until recently, few explicit metrics were known for Sasaki-Einstein spaces. A countably infinite number of 5-dimensional Sasaki-Einstein manifolds of topology S^2 × S^3 has been constructed in [5, 6].^1 These Y^{p,q} spaces are characterized by two coprime positive integers p and q. The marginal deformations of type IIB solutions with geometries of the form AdS_5 × Y^{p,q} have already been considered in [1].

Higher-dimensional Sasaki-Einstein spaces were found in [7]. We will focus on the 7-dimensional spaces, which we refer to as X^{p,q}. These spaces are cohomogeneity one and include the previously-known homogeneous spaces S^7, Q^{1,1,1} and M^{1,1,1} as special cases.^2 The 6-dimensional Einstein-Kähler base space of X^{p,q} can be expressed as a 2-dimensional bundle over a 4-dimensional Einstein-Kähler space B_4. We have a couple of choices for the base space B_4, namely CP^2 or CP^1 × CP^1. For B_4 = CP^2, S^7 and M^{1,1,1} arise as

1The N = 1 superconformal gauge theories living on the worldvolume of the D3-branes, dual to 5- dimensional anti-de Sitter space times 5-dimensional Sasaki-Einstein manifolds, were constructed in [8]. See also the relevant works in [6, 9 – 32].

2A homogeneous space has an isometry group G which is transitive. In this case, the manifold can be expressed as a coset space G/Γ, where Γ is the isotropy group. On the other hand, when generic orbits have n dimensions less than the dimensionality of the space, then the space is said to be cohomogeneity n.

– 2 – particular cases while, for B_4 = CP^1 × CP^1, Q^{1,1,1} arises as a special case. The X^{p,q} family of spaces can be further generalized for B_4 = CP^1 × CP^1 by rendering the characteristic radii of the two 2-spheres to be different [10, 11]. This is also a cohomogeneity one family of Sasaki-Einstein spaces. We will refer to these more general spaces as Z^{p,q,r,s}, which are characterized by four positive coprime integers p, q, r and s.

It has been found that the 5-dimensional Y^{p,q} spaces can be generalized to cohomogeneity two spaces L^{p,q,r} [33]. This was found by noting that the connection between Sasaki- Einstein spaces and special BPS scaling limit of euclideanized equal-angular-momenta Kerrde Sitter black holes [9, 34] could be generalized to the case in which there are two different angular momenta. Likewise, the 7-dimensional X^{p,q} with B_4 = CP^2 can be generalized to cohomogeneity three spaces L^{p,q,r,s}, which is related to 7-dimensional Kerr-de Sitter black holes with three independent angular momenta.

This paper is organized as follows. In section 2, we find the marginal deformation of AdS_4 × Q^{1,1,1}. Next, we apply this deformation procedure to 11-dimensional geometries which include various 7-dimensional Sasaki-Einstein spaces. In section 3, we consider the infinite family of cohomogeneity one Sasaki-Einstein spaces Z^{p,q,r,s}, which include the spaces S^7 and Q^{1,1,1} as particular cases. We provide a brief overview of these spaces in subsection 3.1 and apply the deformations to them in subsection 3.2. In section 4, we consider the M^{1,1,1} space (subsection 4.1) and its cohomogeneity three generalization L^{p,q,r,s} (subsection 4.2), which also includes S^7 as a particular case. A number of possible further directions are presented in section 5, including the application of this deformation procedure to other types of geometries. For the convenience of the readers, we have included a compendium of Sasaki-Einstein spaces in appendix A, which discusses how the various families of these spaces are related. Flow diagrams explicitly show how families of Sasaki- Einstein spaces are related in various limits, for both the 5 and 7-dimensional cases. We include some calculational details of the deformation of AdS_4 × L^{p,q,r,s} in appendix B. Lastly, although the main theme of our paper is marginal deformations of 11-dimensional solutions, we have included the deformation of the type IIB solution AdS_5 × L^{p,q,r} in appendix C, since the recently-obtained 5-dimensional L^{p,q,r} spaces have not yet been discussed in this context.

2. Deforming AdS_4 × Q^{1,1,1}

The simplest examples of 7-dimensional Sasaki-Einstein spaces include the round S^7, Q^{1,1,1} and M^{1,1,1}. Since the case of S^7 has already been done in [1], here we begin by considering Q^{1,1,1}. By putting a large number of N coincident M2-branes at a conical singularity and taking the near-horizon limit, we obtain the 11-dimensional solution [35 – 39] (See also [40 – 42])

ds^2_{11} = 1 4 ds^2_{AdS4} + ds^2_Q1,1,1 , F_{(4)} = 3 8 � 3 8 �_{1/6} ω_{AdS4} , (2.1)

where ω_{AdS4} is the volume element of a unit AdS_4 spacetime. The four-form field strength has an extra (3/8)^{1/6} factor compared with the case of the round 7-sphere, which arises from the ratio of the volumes of Q^{1,1,1} and S^7. The metric for Q^{1,1,1} can be writ-

– 3 – ten as

ds^2_Q1,1,1 = 1 64 � dψ + 3� i=1 c_{θi} dϕ_i

�_2 + 1 32 3� i=1 � dθ^2_i + s^2_{θi} dϕ^2_i � . (2.2)

Topologically, Q^{1,1,1} is a U(1) bundle over S^2_1 × S^2 × S^2_3. The base is parameterized by the spherical coordinates (θ_i, ϕ_i) where i = 1, 2, 3 denotes the i^{th} 2-sphere^3 and the angle ψ parameterizes the U(1) Hopf fiber. The SU(2)_1 ×SU(2)_2 ×SU(2)_3 ×U(1) isometry group of Q^{1,1,1} corresponds to the SU(2)_1 ×SU(2)_2 ×SU(2)_3 global symmetry and U(1) R-symmetry of the dual conformal field theory of [36].

We will now apply the deformation procedure of [1] to the above 11-dimensional supergravity solutions.^4 With regards to the required U(1)^3 symmetry, one U(1) can be taken from each SU(2) of the isometry group. Therefore, this deformation preserves the U(1) R-symmetry. Since the original dual gauge theory is N = 2 supersymmetric, the deformed gauge theory will also be N = 2 supersymmetric. In other words, the three U(1)’s commute with the N = 2 supercharge.

The 11-dimensional metric can be decomposed into a 3-dimensional piece, for which the T^3 symmetry is explicit, and a remaining 8-dimensional piece, as given in [1, (A.1)]. In rewriting the above 11-dimensional metric in the form of (A.1), we take the “11^{th}” direction as the ϕ_3 direction. By reading off the dϕ^2_3 terms from (2.2) one gets

Δ^{1/3}e^{4ϕ/3} = 1 64 (c^2_{θ3} + 2s^2_{θ3} ) .

The warp-factor Δ is the determinant of the 3 × 3 matrix represented by the metric for Dϕ_i and is given by

Δ(θ_1, θ_2, θ_3) = c^2_{θ3} s^2_{θ1} s^2_{θ2} −^1_2 (−2 + c_{2θ1} + c_{2θ2} )s^2_{θ3} 65536 . From these two results, one can read off e^{4ϕ/3} . From the expression of (2.2), one can decompose the 3-dimensional metric into a 2-dimensional metric for the subspace (ϕ_1, ϕ_2) and another term which takes the form

Δ^{1/3}e^{4ϕ/3} (Dϕ_3 + N_1Dϕ_1 + N_2Dϕ_2)^2 . (2.3)

Now one can read off the term dϕ_3dϕ_1 and the term dϕ_3dϕ_2 which will determine N_1 and N_2 of [1]: N_1 = −

2c_{θ1} c_{θ3} (−3 + c_{2θ3} )

, N_2 = −

2c_{θ2} c_{θ3} (−3 + c_{2θ3} ) . Clearly, the 2-dimensional metric from the 11-dimensional point of view can be written as

Δ^{1/3}e^{−2ϕ/3} h_{mn}Dϕ^mDϕ^n =

3We use the simple notation c_{θi} ≡ cos θ i and s_{θi} ≡ sin θ i. 4We follow the notations from [1].

– 4 –

= (−2 + c_{2θ1} + c_{2θ3} ) 32(−3 + c_{2θ3} ) � Dϕ_1 +

2c_{θ1} c_{θ2} s^2_{θ3} −2 + c_{2θ1} + c_{2θ3}

Dϕ_2

�_2 − (2.4)

− c^2_{θ3} (−2 + c_{2θ1} + c_{2θ3} )s^2_{θ2} + (c^2_{θ2} (−3 + c_{2θ3} )s^2_{θ1} + 2(−2 + c_{2θ1} + c_{2θ3} )s^2_{θ2} )s^2_{θ3} 16(−3 + c_{2θ3} )(−2 + c_{2θ1} + c_{2θ3} )

Dϕ^2 ,

where we introduce the following notation Dϕ_i = dϕ_i + A^i and the fields

A^1 =

8c_{θ1} s^2_{θ2} s^2_{θ3} H dψ ,

A^2 = 1 � −^1_2 (−2 + c_{c2θ1} + c_{2θ2} )^1_{s2θ1 cθ2} +^{s2θ2 c2θ3}_{cθ2 s2θ3}

� dψ ,

A^3 =

8c_{θ3} s^2_{θ1} s^2_{θ2} H dψ .

where H = 5 − 3c_{2θ3} + c_{2θ1} (−3 + c_{2θ2} + c_{2θ3} ) + c_{2θ2} (−3 + 2c^2_{θ1} c_{2θ3} ) . (2.5)

One can read off the metric h_{mn}, whose determinant is equal to 1, from (2.4). The fields ϕ^i, A^i and three-form gauge fields transform appropriately under the general SL(3, R) transformation of coordinates ϕ^i.

The remaining 8-dimensional metric is given by

Δ^{−1/6} g_{μν} dx^μ dx^ν = 1 4 ds^2_{AdS4} + 1 32 � dθ^2_1 + dθ^2 + dθ^2_3 � + s^2_{θ1} s^2_{θ2} s^2_{θ3} 4H dψ^2 . (2.6)

The 11-dimensional metric (2.1) can now be written in a form which makes the T^3 more explicit by adding together (2.3), (2.4), and (2.6).

We now dimensionally reduce this solution along the ϕ_3 direction and T-dualize along the ϕ^1 direction. The resulting type IIB solution can be written in the form of in [1, (A.5) and (A.6)]:

ds^2_{IIB} = 1 h_{11} dϕ^2_1 √ Δ + √ Δ h_{11}

Dϕ^2 + e^{2ϕ/3} g_{μν} dx^μ dx^ν , B = � 2c_{θ1} c_{θ2} s^2_{θ3} −2 + c_{2θ1} + c_{2θ3} � dϕ_1 ∧ Dϕ_2 + dϕ_1 ∧ A^1 ,

e^{2Φ} = e^{2ϕ} h_{11} , C^{(0)} = −

2c_{θ1} c_{θ3} (−3 + c_{2θ3} ) , C^{(2)} = � 2c_{θ2} c_{θ3} s^2_{θ1} −2 + c_{2θ1} + c_{2θ3} � dϕ_1 ∧ Dϕ_2 − dϕ_1 ∧ A^3 ,

C^{(4)} = − � 3 8 �_{7/6} (ω_3 ∧ dϕ_1 + ∗_8ω_3 ∧ dϕ_2) , (2.7)

where ∗_8 is the Hodge dual relative to the 8-dimensional metric g_{μν} and dω_3 = ω_{AdS4} .

– 5 –

We will now take a particular SL(2, R) transformation which will yield a regular deformed 11-dimensional solution, provided that the initial solution is regular [1]. The SL(2, R) transformation is parameterized by γ̂ ≡ R^3 γ in the ϕ_1 − ϕ_2 plane. The modified warp-factor and three-form [1] are given by

Δ^′ = Δ (1 + γ̂^2Δ)^2

≡ G^2Δ, C^′_{123} = − γ̂Δ 1 + γ̂^2Δ , with other quantities unchanged.

T-dualizing and lifting along the transformed directions results in the modified 11 dimensional solution

ds^2_{11} = G^{2/3} � (−2 + c_{2θ1} + c_{2θ3} ) 32(−3 + c_{2θ3} ) � Dϕ_1 +

2c_{θ1} c_{θ2} s^2_{θ3} −2 + c_{2θ1} + c_{2θ3}

Dϕ_2

�_2 −

− c^2_{θ3} (−2+c_{2θ1} +c_{2θ3} )s^2_{θ2} +(c^2_{θ2} (−3+c_{2θ3} )s^2_{θ1} + 2(−2+c_{2θ1} +c_{2θ3} )s^2_{θ2} )s^2_{θ3} 16(−3+c_{2θ3} )(−2+c_{2θ1} +c_{2θ3} )

Dϕ^2 + + (3 − c_{2θ3} ) 128 � Dϕ_3 −

2c_{θ1} c_{θ3} (−3 + c_{2θ3} )

Dϕ_1 −

2c_{θ2} c_{θ3} (−3 + c_{2θ3} )

Dϕ_2

�_2� + + G^{−1/3} � 1 4 ds^2_{AdS4} + 1 32 � dθ^2_1 + dθ^2 + dθ^2_3 � + s^2_{θ1} s^2_{θ2} s^2_{θ3} 4H dψ^2 � , (2.8)

F_{(4)} = � 3 8 �_{7/6} � ω_{AdS4} + γ̂ � Δ 512H s_{θ1} s_{θ2} s_{θ3} dθ_1dθ_2dθ_3dψ � − γ̂ d (ΔG Dϕ_1Dϕ_2Dϕ_3) .

While the initial geometry was the direct product AdS_4 × Q^{1,1,1}, the above deformed geometry is a warped product of these spaces. The warp factor G depends on three of the internal directions of Q^{1,1,1}. Since G^{−1} ≥ 1, the deformed geometry is guaranteed to be regular since the initial geometry was regular.

Later examples of 11-dimensional deformed solutions given in this paper will have a four-form field strength that has similar form to the case above. The main difference will be in the dθ_1dθ_2dθ_3dψ term, which arises from ∗_8 ω_{AdS4} , where the Hodge dual is with respect to a particular 8-dimensional space g_{μν} .

So far, we have described a particular 7-dimensional space Q^{1,1,1}. This is a special case of the Einstein spaces Q^{p,q,r}, where p, q and r represent the winding numbers of the U(1) bundle over the three 2-spheres. The Q^{p,q,r} space has an isometry SU(2)^3 × U(1), except Q^{0,0,1}. One can choose U(1)^3 as a subgroup of SU(2)^3. For the case of Q^{0,0,1}, the isometry group is given by SU(2)^4. Therefore, it is also possible to consider three U(1)’s. It is straightforward to apply the above deformation procedure to all of these spaces. However, the Q^{1,1,1} space which we considered above is the only case which is supersymmetric, with holonomy group SU(3).

3. Cohomogeneity one generalization of Q^{1,1,1}

3.1 The Z^{p,q,r,s} spaces We will now consider a class of cohomogeneity one Sasaki-Einstein spaces Z^{p,q,r,s}, which contain Q^{1,1,1} and S^7 as particular cases. A countably infinite number of 7-dimensional

– 6 –

Sasaki-Einstein spaces were found in [7]. The corresponding metrics can be expressed as a circle bundle over a 6-dimensional Einstein-Kähler base space which, in turn, is a 2- dimensional bundle over a 4-dimensional Einstein-Kähler base space. For the case in which the 4-dimensional Einstein-Kähler space is a direct product of two equal-radius 2-spheres, this construction can be generalized such that the spheres have different characteristic radii ℓ_1 and ℓ_2 [10, 11]. The corresponding metric of these Sasaki-Einstein spaces Y_7 expressed in canonical form is ds^2_{Y7} = � dψ^′ + 2A_{(1)}

�_2 + ds^2_{EK6} . (3.1)

where the 6-dimensional Einstein-Kähler metric is

ds^2_{EK6} = 1 8 (ℓ_1 − n_1 y)(dθ^2_1 + s^2_{θ1} dϕ^2_1) + 1 8 (ℓ_2 − n_2 y)(dθ^2 + s^2_{θ2} dϕ^2) + + 1 F (y) dy^2 +

F (y) 64 (dβ − n_1 c_{θ1} dϕ_1 − n_2 c_{θ2} dϕ_2)^2 (3.2) and A_{(1)} = 1 8 [ℓ_1c_{θ1} dϕ_1 + ℓ_2c_{θ2} dϕ_2 + y(dβ − n_1 c_{θ1} dϕ_1 − n_2 c_{θ2} dϕ_2)] .

The Kähler form for ds^2_{EK6} is J = dA_{(1)}. The function F (y) is given by

F (y) = 4 3 a +^{16ℓ1ℓ2}_{n1} (ℓ_1 − 1) y − 8δ y^2 +^{16}_3 (n_1ℓ_2 − n_2 + 2n_2ℓ_1) y^3 − 4n_1n_2 y^4 (ℓ_1 − n_1 y)(ℓ_2 − n_2 y)

, (3.3)

where δ ≡ ℓ_2(2ℓ_1 − 1) + ℓ_1(ℓ_1 − 1)n_2/n_1. It is obvious that the above metric (3.1) has an isometry SU(2) × SU(2) × U(1) × U(1). One can obtain the above metric from the 7-dimensional Sasaki-Einstein metric in [11, (4)] by taking

(ℓ_1, ℓ_2, p, q) → 1 8 (ℓ_1, ℓ_2, n_1, n_2), r → −y, τ^′ → 1 8 β . For vanishing a, the present F (y) coincides with c(r)^2 in [11]. The value for the integration constant a in (3.1) reflects a choice in the origin of y. In [11], a was set to zero. Also, the metric has a rescaling symmetry under which

n_i → λ n_i , a → a λ^2

, y → y λ , β → λ β . (3.4)

This implies that only the ratio n_1/n_2 of the parameters n_1 and n_2 is nontrivial. It has been found that the metric (3.2) is an Einstein-Kähler solution provided that the algebraic constraint n_1 n_2 = ℓ_1 − 1 ℓ_2 − 1

(3.5)

is satisfied. The constraint (3.5) was not taken into account in the local expressions given in [10]. In particular, if we neglect this constraint by taking ℓ_i = 1 and keeping n_1 and n_2 as independent paramaters, then our F (y) given in (3.3) reduces to the expression given in [10].

– 7 –

We have purposely kept repetitive parameters in order to more clearly see limiting cases. In the limit ℓ_1 = ℓ_2 = 1 and n_1 = n_2 ≡ c, the space Y_7 reduces to the sevendimensional space found in [7]. In this case, a is now the nontrivial parameter. The limit enlarging one of the two U(1)’s into SU(2) symmetry

ℓ_i → 1 , n_i → 0 , y → c_{θ3} , a → 6 , β → ϕ_3 ,

gives rise to the metric of Q^{1,1,1}, the case discussed in previous section. On the other hand, in the limit ℓ_i → 1 , n_1 → 1 , n_2 → −1 , a → 3 , (3.6) the metric (3.2) reduces to the Fubini-Study metric on CP^3, which is given by

ds_{CP}3 = dμ^2 + 1 4 c^2_μ (dθ^2_1 + s^2_{θ1} dϕ^2_1) + 1 4 s^2_μ (dθ^2 + s^2_{θ2} dϕ^2) + + 1 4 s^2_μ c^2_μ (dβ − c_{θ1} dϕ_1 + c_{θ2} dϕ_2)^2 , (3.7)

where we have used the coordinate transformation y = −c_{2μ} . In this case, the Sasaki- Einstein metric (3.1) becomes that of a round S^7, where

A_{(1)} = 1 8 (s^2_μ − c^2_μ ) dβ + 1 4 c^2_μ c_{θ1} dϕ_1 + 1 4 s^2_μ c_{θ2} dϕ_2 , (3.8)

and J = dA_{(1)} is the Kähler form for CP^3.

We take y to lie in the range y_1 ≤ y ≤ y_2. Different coordinates have been used in order to find the regularity conditions for this metric [11]. In particular, regularity requires that n_2 − n_1 n_2

< ℓ_1 < 1 , 0 < ℓ_2 < 1 ,

where we have chosen 0 ≤ n_1 ≤ n_2. It has been found that the regular metrics are specified by two rational numbers, or by four integers p, q, r and s. Therefore, these spaces can be denoted by Z^{p,q,r,s}, in analogy with the 5-dimensional spaces Y^{p,q} [12].

Consider the coordinate transformation

ψ^′ = 1 4 ψ , β = −α + ψ .

We will now suppose that n_i is nonzero so that any such factors can be absorbed by the coordinates. One can then express the metric (3.1) as

ds^2_{Y7} = 1 8 (ℓ_1 − n_1 y)(dθ^2_1 + s^2_{θ1} dϕ^2_1) + 1 8 (ℓ_2 − n_2 y)(dθ^2 + s^2_{θ2} dϕ^2) + 1 F (y) dy^2 + + F (y) 16(F (y) + 4y^2)

(dψ + ℓ_1c_{θ1} dϕ_1 + ℓ_2c_{θ2} dϕ_2)^2 + + F (y) + 4y^2 64 � dα + � 1 − 4y F (y) + 4y^2 � dψ + + � n_1 −

4ℓ_1 y F (y) + 4y^2 � c_{θ1} dϕ_1 + � n_2 −

4ℓ_2 y F (y) + 4y^2 � c_{θ2} dϕ_2

�_2 . In the case of vanishing n_i, it is more appropriate to use the Q^{1,1,1} metric given by (2.8).

– 8 –

3.2 Deforming AdS_4 × Z^{p,q,r,s}

The 7-dimensional Sasaki-Einstein space Z^{p,q,r,s} can be used to construct a solution of 11- dimensional supergravity. This solution has the geometry AdS_4 × Z^{p,q,r,s} and is given by

ds^2_{11} = 1 4 ds^2_{AdS4} + ds^2_{Y7} , F_{(4)} = 3 8 � vol Z^{p,q,r,s} vol S^7

�_{1/6}

ω_{AdS4} .

The U(1)^3 symmetry required for the deformation can be taken from the SU(2) × SU(2) × U(1) portion of the isometry group of Z^{p,q,r,s}, which still leaves a U(1) for the R-symmetry. This means that the N = 2 supersymmetry of the dual gauge theory will be preserved by the deformation. The metric ds^2_{Y7} can be written in the following form which makes the U(1)^3 symmetry explicit:

ds^2_{11} = 1 4 ds^2_{AdS4} + 1 8 (ℓ_1 − n_1y) dθ^2_1 + 1 8 (ℓ_2 − n_2y) dθ^2 + 1 F (y) dy^2 + (3.9) + F (y)+4y^2 64 � Dα+ � n_1 −

4ℓ_1y F (y)+4y^2 � c_{θ1} Dϕ_1 + � n_2 −

4ℓ_2 y F (y)+4y^2 � c_{θ2} Dϕ_2

�_2 + + g 8f Dϕ^2_1 +f � Dϕ_2 +Kf^{−1} ℓ_1ℓ_2c_{θ1} c_{θ2} Dϕ_1

�_2 + K 8g (ℓ_1 − n_1y)(ℓ_2 − n_2y)s^2_{θ1} s^2_{θ2} dψ^2 ,

where the coefficient functions are K = F (y) 16(F (y) + 4y^2)

, f = 1 8 (ℓ_2 − n_2y)s^2_{θ2} + Kℓ^2c^2_{θ2} ,

g = f(ℓ_1 − n_1y)s^2_{θ1} + Kℓ^2_1(ℓ_2 − n_2y)s^2_{θ2} c^2_{θ1} (3.10)

and the connections corresponding to ϕ^1, ϕ^2, and α are given by

A^1 = K g ℓ_1(ℓ_2 − n_2y)c_{θ1} s^2_{θ2} dψ , A^2 = K g ℓ_2(ℓ_1 − n_1y)c_{θ2} s^2_{θ1} dψ ,

A^3 = � 1 − 4y F (y) + 4y^2 � dψ − � n_1 −

4ℓ_1 y F (y) + 4y^2 � c_{θ1} A^1 − � n_2 −

4ℓ_2 y F (y) + 4y^2 � c_{θ2} A^2.

We can read off the various ingredients of the metric (3.9) which we use to reduce and T-dualize the solution to type IIB theory:

Δ^{1/3}e^{4ϕ/3} =

F (y) + 4y^2 64 , Δ = F 8192K

(g + 8K^2ℓ^2_1ℓ^2c^2_{θ1} c^2_{θ2} ) ,

N_1 = � n_1 −

4ℓ_1 y F (y) + 4y^2 � c_{θ1} , N_2 = � n_2 −

4ℓ_2 y F (y) + 4y^2 � c_{θ2} . (3.11)

After applying an SL(2, R) transformation, we T-dualize and lift back up to eleven dimensions along the transformed coordinates. The resulting 11-dimensional deformed solution has the metric

ds^2_{11} = G^{−1/3} � 1 4 ds^2_{AdS4} + 1 8 (ℓ_1 − n_1y) dθ^2_1 + 1 8 (ℓ_2 − n_2y) dθ^2 + 1 F (y) dy^2 + + K 8g (ℓ_1 − n_1y)(ℓ_2 − n_2y)s^2_{θ1} s^2_{θ2} dψ^2 � +

– 9 –

+ G^{2/3} � F (y)+4y^2 64 � Dα+ � n_1 −

4ℓ_1y F (y)+4y^2 � c_{θ1} Dϕ_1 + � n_2 −

4ℓ_2y F (y)+4y^2 � c_{θ2} Dϕ_2

�_2 + + g 8f Dϕ^2_1 + f [Dϕ_2 + Kf^{−1} ℓ_1ℓ_2c_{θ1} c_{θ2} Dϕ_1]^2 � , (3.12)

where the coefficient functions K, f, and g are given by (3.10). While the initial geometry was the direct product AdS_4 × Z^{p,q,r,s}, the above deformed geometry is a warped product of these spaces with the factor given by

G^{−1} = 1 + γ̂^2 Δ

and Δ is given by (3.11). The warp factor G depends on three of the internal directions of Z^{p,q,r,s}. Since G^{−1} ≥ 1, the geometry (3.12) is regular since the initial geometry was regular.

Note that the deformation of AdS_4 × Q^{1,1,1} discussed in the previous section cannot be obtained as a special case of (3.12). This is because the Q^{1,1,1} metric (2.8) was expressed in different coordinates, which means that we performed the dimensional reductions along different directions. On the other hand, the deformation of AdS_4 × S^7 arises from (3.12) in the limit (3.6).

4. M^{1,1,1} and its cohomogeneity three generalization

4.1 Deforming AdS_4 × M^{1,1,1}

We will now consider the deformation of an 11-dimensional solution with the geometry [40, 42 – 47]

ds^2_{11} = 1 4 ds^2_{AdS4} + ds^2_M 1,1,1 , F_{(4)} = 3 8 � 27 128 �_{1/6}

ω_{AdS4} ,

where the homogeneous 7-dimensional Sasaki-Einstein space M^{1,1,1} has the metric

ds^2_M 1,1,1 = 1 256 � dτ + 3 sin^2 μ (dψ + cos θ dϕ) + 2 cos θ̃ dϕ̃

�_2 + 1 32 (dθ̃^2 + sin^2 θ̃ dϕ̃^2) + + 3 16 � dμ^2 + 1 4 sin^2 μ � dθ^2 + sin^2 θ dϕ^2 + cos^2 μ (dψ + cos θ dϕ)^2 � � . The corresponding N = 2 dual gauge theory in three-dimensions is known [36]. Topologically, M^{1,1,1} space is a nontrivial U(1) bundle parameterized by τ over CP^2 × S^2. The SU(3) × SU(2) × U(1) isometry group of M^{1,1,1} corresponds to SU(3) × SU(2) global symmetry and U(1)_R R-symmetry of the dual conformal field theory [36].

By taking the two U(1)’s parameterized by ψ and ϕ from SU(3) group and one U(1) parameterized by ϕ̃ from SU(2) group, we have a U(1)^3 for the deformation while leaving the U(1) R-symmetry of the dual gauge theory untouched. Thus, the N = 2 supersymmetry will be preserved. We can rewrite the metric in a form which makes the U(1)^3 symmetry

– 10 – explicit:

ds^2_{11} = 1 4 ds^2_{AdS4} + 3 16 � dμ^2 + 1 4 s^2_μ dθ^2 � + 1 32 dθ̃^2 + 1 64 g c^2_μ s^2_{θ̃} dτ^2 + + 3 256f s^2_μ � Dψ + c_θ Dϕ + 2fc_{θ̃}Dϕ̃

�_2 + 3 64 s^2_μ s^2_θ Dϕ^2 + f 32g Dϕ̃^2 ,

where f^{−1} ≡ 4 − s^2_μ , g^{−1} ≡ 2c^2_μ c^2_{θ̃} + (4 − s^2_μ )s^2_{θ̃}

and the gauge connections corresponding to ϕ, ϕ̃ and ψ are given by

A^1 = 0 , A^2 = g c^2_μ c_{θ̃} dτ , A^3 = f(1 − 2g c^2_μ c_{θ̃})^2 dτ .

One can then read off the various ingredients which are used to reduce and T-dualize the solution to type IIB theory:

Δ^{1/3}e^{4ϕ/3} = 3 256f s^2_μ , Δ =

9s^4_μ s^2_θ 2^{19}g , N_1 = c_θ , N_2 = 2f c_{θ̃} .

After applying an SL(2, R) transformation, we lift back up to eleven dimensions and find the deformed solution

ds^2_{11} = G^{−1/3} �1 4 ds^2_{AdS4} + 3 16 � dμ^2 + 1 4 s^2_μ dθ^2 � + 1 32 dθ̃^2 + 1 64 g c^2_μ s^2_{θ̃} dτ^2 � +

+ G^{2/3}

� 3s_μ 256f � Dψ + c_θ Dϕ + 2fc_{θ̃}Dϕ̃

�_2 + 3s^2_μ s^2_θ 64 Dϕ^2 + f 32g Dϕ̃^2 � , (4.1)

where G^{−1} = 1 + γ̂^2 Δ ≥ 1 and this geometry is completely regular.

It is also straightforward to apply the above deformation procedure to the M^{p,q,r} spaces, which have an SU(3) × SU(2) × U(1) isometry and SO(7) holonomy. In particular, M^{0,1,0} = CP^2 × S^3 has an SU(3) × SU(2)^2 isometry and M(1, 0) = S^5 × S^2 has an SU(4) × SU(2) isometry [48]. However, only the M^{1,1,1} case is supersymmetric.

4.2 Deforming AdS_4 × L^{p,q,r,s}

We will now consider a class of cohomogeneity three Sasaki-Einstein spaces L^{p,q,r,s}, which include M^{1,1,1} and S^7 as special cases. The metric for L^{p,q,r,s} is given by [33]

ds^2_{Y7} = (dτ + σ)^2 +

Y (x) 4xF (x) dx^2 − x (1 − F (x)) Y (x)

�_3 � i=1 μ^2_i α_i dφ_i

�_2 +

+ 3� i=1 � 1 − x α_i � � dμ^2_i + μ^2_i dφ^2_i � + x �_3 i=1 μ^2_i α_i � � � 3� j=1 μ_j α_j dμ_j � � 2 − σ^2 , (4.2)

– 11 – where σ, Y (x), and F (x) are given by σ = 3� i=1 � 1 − x α_i � μ^2_i dφ_i ,

Y (x) = 3� i=1 μ^2_i (α_i − x)

, F (x) = 1 − � μ x �^3� i=1 1 (α_i − x) , 3� i=1 μ^2_i = 1.

This metric smoothly extends onto a complete and non-singular manifold if pl_1 + ql_2 + �_3

j=1 r_j^∂_{∂φj} = 0 for coprime integers (p, q, r_j ). Note that p + q =

�_3 j=1 r_j .

We will now discuss the case in which the cohomogeneity one X^{p,q} spaces of [7] are recovered. For equal α_i ≡ α, we can pull the 1/α_i factors of � 1 −^x_{α i} � out of the summation symbol in (4.2). Next, one can write the 5-sphere metric as a Hopf fibration over CP^2 [49] 3� i=1 � dμ^2_i + μ^2_i dφ^2_i � = (dψ + A)^2 + ds^2_{F S(2)} ,

where ds^2_{F S(2)} is the Fubini-Study metric on CP^2 and A is a local potential for the Kähler form on CP^2. Therefore, the three U(1)’s are enhanced to SU(3) × U(1). Moreover, 3� i=1 μ^2_i dφ_i = (dψ + A) .

Upon the coordinate transformation

x → y + 1 3c , μ →

1 − ac^2 3c^4

, α → 4 3c , the second term in (4.2) becomes

(1 − cy)^2 (^{4a}_3 − 8y^2 +^{32}_3 cy^2 − 4c^2y^4) dy^2 ≡ dy^2 ~F (y) . Here, ~F (y) is the same as the one in (3.3) when ℓ_1 = ℓ_2 and n_1 = n_2 = c. Then the metric can be written as

ds^2_{Y7} = � dτ + 3 4 (1 − cy) (dψ + A)

�_2 + dy^2 ~F (y) + 9 64 c^2 ~F (y) (dψ + A)^2 + 3 4 (1 − cy) ds^2_{F S(2)} ,

(4.3) which is a rescaled version of the cohomogeneity one generalization of M^{1,1,1} given in [7]. The original U(1)^4 isometry of 7-dimensional Sasaki-Einstein space is enhanced to SU(3) × U(1)^2, where the SU(3) symmetry comes from CP^2 and two U(1)’s are parameterized by above τ and ψ. The c = 0 limit reproduces M^{1,1,1} space [7]. As observed in [7], the limit of a = 1 provides the space CP^3 [50] corresponding to the last three terms of (4.3) with the replacement U = c^2_θ where the function U is the same as the one in [7] and the resulting 7-dimensional space is S^7 (The structure of the first term of (4.3) gives the exact expression for U(1) bundle).

– 12 –

We will now turn to the deformation of the 11-dimensional solution given by

ds^2_{11} = 1 4 ds^2_{AdS4} + ds^2_Lp,q,r,s , F_{(4)} = 3 8 � vol L^{p,q,r,s} vol S^7

�_{1/6} ω_{AdS4} ,

where the volume of L^{p,q,r,s} is given in [33]. The three U(1) symmetries which will be used for the deformation act by shifting the φ_1, φ_2, and φ_3 directions. The remaining U(1) symmetry corresponds to the R-symmetry of the dual gauge theory. As in all of the previous cases, the marginal deformation preserves the N = 2 supersymmetry.

Since the three-torus T^3 has coordinates φ_i where i = 1, 2, 3, it is straightforward to rewrite the above metric in terms of three-dimensional part and the eight-dimensional part. As we have done before, by looking at the dφ^2_3 from (4.2), we obtain

Δ^{1/3}e^{4ϕ/3} = μ^2_3 � Y (x)α^2_3 − x � Y (x)α_3 − (−1 + F (x))μ^2_3 � Y (x)α^2_3

. (4.4)

Now we have φ_3 dependent term as in (2.3) and the coefficient function N_1 and N_2 can be determined. The explicit form for them is given in the appendix B. By rearranging the metric, the two-dimensional metric can be written as and the coefficients K, L, and M are presented in the appendix B.

Δ^{1/3}e^{−2ϕ/3} h_{mn}Dφ^mDφ^n = K (Dφ_1 + LDφ_2)^2 + � M N � Dφ^2 , (4.5)

from which we find that Δ = � KM N �_{3/2}

e^{2ϕ} ,

which, together with (4.4), gives Δ. Finally, the eight-dimensional metric is written as

Δ^{−1/6} g_{μν} dx^μ dx^ν = 1 4 ds^2_{AdS4} +

Y (x) 4xF (x) dx^2 + 3� i=1 � 1 − x α_i � dμ^2_i +

+ x �_3 i=1 μ^2_i α_i � � � 3� j=1 μ_j α_j dμ_j � � 2 + P dτ^2 (4.6)

by collecting the remaining dτ^2 term and the explicit form for P is in the appendix B. After applying an SL(2, R) transformation, we lift back up to eleven dimensions and find the deformed solution

ds^2_{11} = G^{2/3}Δ^{1/3}e^{−2ϕ/3} h_{mn}Dφ^mDφ^n + G^{−1/3} Δ^{−1/6} g_{μν} dx^μ dx^ν , (4.7)

where G^{−1} = 1 + γ̂^2Δ .

This is a completely regular geometry.

Note that the deformation of AdS_4 ×M^{1,1,1} discussed in the previous subsection cannot be obtained as a special case of (4.7). This is because the M^{1,1,1} metric (4.1) was expressed in different coordinates, which means that we performed the dimensional reductions along different directions. However, the deformation of AdS_4 × S^7 arises from (4.7) in the limit of equal α_i and a = 1.

– 13 –

5. Further directions

We have generated deformations based on U(1)^3 symmetries of 11-dimensional geometries which involve various 7-dimensional Sasaki-Einstein spaces. The initial geometries have the form of a direct product of AdS_4 and a 7-dimensional Sasaki-Einstein space Y_7, and the deformed geometries are a warped product of these spaces. The warp factor depends on three of the internal directions of Y_7. In fact, supersymmetric AdS in warped spacetimes were previously obtained from direct products of AdS and an internal space [51]. Furthermore, the corresponding consistent Kaluza-Klein warped embeddings of gauged supergravities were found [52]. That is, the vacuum AdS solutions of these gauged supergravities give rise to warped products with internal spaces. However, in most of these cases, the warp factor (depends on only one of the internal directions) is singular. There are some cases which have a non-singular warp factor but then the internal space has orbifold-type conical singularities. The warped spacetimes discussed in [1] and in this paper are completely regular. Therefore, it would be interesting to see if one could construct consistent Kaluza-Klein warped embeddings of gauged supergravities whose AdS vacua give rise to some of these solutions. In particular, one might be able to deform previously-known sphere reductions whose initial vacuum geometries are of the form AdS_n × S^m.

The general class of Sasaki-Einstein spaces discussed in section 3 include S^7 and Q^{1,1,1} as special cases. The most interesting problem is what are the dual conformal field theories corresponding to M-theory on AdS_4 × Y_7. For Y_7 = Q^{1,1,1} space, it is known that the gauge theory is SU(N)^3 with three chiral superfields [36]. The field contents are represented by a quiver diagram where nodes represent the gauge groups and link matter fields in the bi-fundamental representation of the gauge group they connect. It would be interesting to construct the complete spectrum of 11-dimensional supergravity compactified on Y_7 and compare the Kaluza-Klein spectrum with that of the corresponding gauge theory in the large N limit.

Most probably, the classes of 7-dimensional Sasaki-Einstein spaces discussed in this paper do not exhaust all of the possibilities. For instance, we have noted that S^7 arises as a special case of two separate branches of cohomogeneity one families of Sasaki-Einstein spaces X^{p,q}, one with a 4-dimensional base space B_4 = CP^2 and the other with B_4 = CP^1 × CP^1. The question arises as to whether these two branches can be encompassed by a more general family of Sasaki-Einstein spaces.

On a related note, the generalization of such spaces to larger cohomogeneity tends to involve breaking SU(2) and SU(3) elements of the isometry group into U(1) and U(1)^2 subgroups, respectively. For example, the isometry group of M^{1,1,1} is SU(3)×SU(2)×U(1). The cohomogeneity one generalization X^{p,q} with B_4 = CP^2 involves replacing the SU(2) with U(1), and the further generalization to cohomogeneity three L^{p,q,r,s} involves replacing the SU(3) with U(1)^2. Thus, the fact that the isometry group of Z^{p,q,r,s} contains two SU(2) factors implies that there may be room for further generalization.

One can also apply the deformation procedure to cases for which do not involve a Sasaki-Einstein space. For example, one might consider geometries of the form AdS_4 ×M^7, where M^7 is a 3-sasakian or proper weak G_2 manifold. These are gravity duals of N = 3

– 14 – and N = 1 superconformal field theories, respectively. An infinite family of M^7 spaces have been constructed in [53] as principle SO(3) bundles over Tod-Hitchin metrics. These spaces are parameterized by a single integer. A particular case of this family of spaces is N^{0,1,0} [54 – 58]. The SU(3) × SU(2) isometry of N^{0,1,0} contains U(1)^3 as a subgroup, which can be used in the deformation procedure. The dual gauge theory has N = 3 or N = 1 supersymmetry, depending on the orientation of the space. We expect some of the supersymmetry to be broken by the deformation in the N = 3 case but not in the N = 1 case.

Another special case which is a proper weak G_2 manifold is the squashed 7-sphere [59, 60, 48], which we denote as ~S^7. This space can be described as a squashed SO(3) bundle over a 4-sphere which is entirely equivalent to the standard Fubini-Study metric [48]. In this scheme the squashing corresponds to changing the size of the SO(3) fiber relative to the S^4 base space. The AdS_4 × ~S^7 solution of 11-dimensional supergravity is expected to be dual to a 3-dimensional N = 1 gauge theory with SO(5) × SO(3) global symmetry [61] for the squashing with left-handed orientation. One can apply the techniques for generating marginal deformations by choosing two U(1)’s from SO(5) and one from SO(3).

One could also apply these deformations to gravity duals of field theories which exhibit RG flows away from a conformal fixed-point. This has already been done in [1] for a fractional D3-brane on a deformed conifold [62], which corresponds to a 4-dimensional N = 1 gauge theory which flows from a UV conformal fixed-point to a confining theory in the IR region. Also, [32] has studied the deformations of a D5-brane wrapped on an S^2 of a resolved conifold, which is another example of a gravity dual of an N = 1 gauge theory [63]. There are also regular 11-dimensional solutions which exhibit flows from the geometries we have discussed. For example, the near-horizon region of certain deformed M2-branes have geometries which go from AdS_4 × Q^{1,1,1} or AdS_4 × M^{1,1,1} to other smooth geometries [64]. The 3-dimensional gauge theory interpretation of these solutions is that there is an RG flow from a UV conformal fixed-point to a confining gauge theory. Marginal deformations can be applied to these theories as well.

Acknowledgments

We would like to thank Hong Lü, Oleg Lunin, Juan Maldacena, and James Sparks for useful discussions. In particular, we appreciate the detailed explanations provided by Oleg Lunin with regards to his recent paper. The work of C.A. is supported by a grant from the Monell Foundation through the Institute for Advanced Study, and by Korea Research Foundation Grant KRF-2002-015-CS0006. The work of J.F.V.P. is supported by DOE grant DOE-FG02-84ER-40153.

A. Compendium of Sasaki-Einstein spaces

Until recently, the only explicitly known 5-dimensional Sasaki-Einstein metrics were the round metric on S^5, the homogeneous metric on T^{1,1} and their quotients. We now know of a countably infinite number of explicit cohomogeneity one 5-dimensional Sasaki-Einstein

– 15 –

Figure 1: Flow diagram for 5-dimensional Sasaki-Einstein spaces.

metrics Y^{p,q} [5, 6]. These spaces are specified by a single nontrivial parameter, though it is useful to keep the two parameters a and c in order to clearly see the special cases. In particular, c = 0 corresponds to the limit in which the space is T^{1,1}. In this case, a is a trivial rescaling parameter. On the other hand, the space is S^5 for a = 1, in which case c is now a trivial rescaling parameter. The Y^{p,q} spaces can be characterized by two relatively prime positive integers p and q. This class of spaces has been further generalized by taking the BPS limits of euclideanized Kerr-de Sitter black hole metrics with two independent angular momenta parameters α and β [33]. The resulting cohomogeneity two metrics L^{p,q,r} are characterized by the positive coprime integers p, q and r. The Y^{p,q} spaces lie in the subclass of the L^{p,q,r} spaces for which α = β. The flow diagram in figure 1 shows how all of the above 5-dimensional Sasaki-Einstein spaces are related. The L^{p,q,r} metric is explicitly written in appendix C.

The cohomogeneity two L^{p,q,r} spaces generally have U(1)^3 isometry. For the subclass of spaces with cohomogeneity less than two, a U(1) or U(1)^2 element of the isometry group gets enhanced to SU(2) or SU(3), respectively. In particular, when α = β, we get the cohomogeneity one Y^{p,q} spaces with SU(2) × U(1)^2 isometry. The further limit c = 0 yields the homogeneous space T^{1,1}, which has SU(2)^2 × U(1) isometry. Note that the remaining U(1) element corresponds to the R-symmetry of the dual field theory. The exception to the above is S^5, whose isometry group is SO(6). In order to perform the type of deformation discussed in [1], it is crucial that the isometry group of all of these spaces contains U(1)^3.

The higher-dimensional analog of the Y^{p,q} spaces was found in [7]. Like the Y^{p,q} spaces, these are also specified by a single nontrivial parameter which can be written in terms of two relatively prime positive integers p and q. Again, we will keep two parameters a and c in order to study special cases. We focus on the 7-dimensional spaces, which we refer to as

– 16 –

X^{p,q}. Note that the 5-dimensional Y^{p,q} spaces could be expressed as a U(1) bundle over a 4-dimensional Einstein-Kähler space which, in turn, was a 2-bundle over S^2. Similarly, the 7-dimensional X^{p,q} can be expressed as a U(1) bundle over a 6-dimensional Einstein-Kähler space which is itself a 2-bundle over a 4-dimensional Einstein-Kähler space B_4. We have a couple of choices for the base space B_4, namely CP^2 or CP^1 × CP^1.

We will first consider B_4 = CP^2, which is quite analogous to the 5-dimensional case. c = 0 corresponds to the space M^{1,1,1}, for which a becomes the trivial rescaling parameter. a = 1 corresponds to the space S^7, and now c is the trivial rescaling parameter. These X^{p,q} spaces can be generalized to cohomogeneity three spaces L^{p,q,r,s} [33], which can be found from the BPS limit of 7-dimensional euclideanized Kerr-de Sitter black holes which have three independent angular momenta α_i. The X^{p,q} subclass of these spaces corresponds to all three angular momenta α_i being equal. The right-hand portion of figure 2 describes how these spaces are related. There is also an intermediate subclass which we have not included explicitly in figure 2. Namely, there is a subclass of the L^{p,q,r,s} spaces with cohomogeneity two, for which only two of the α_i are equal.^5

We now turn to the case of B_4 = CP^1 × CP^1. This family of X^{p,q} spaces also has a special c = 0 limit, in which case we have Q^{1,1,1}. However, a = 1 does not correspond to S^7. In fact, we have not been able to identify this case with any previously-known Sasaki-Einstein space, though it does share a similarity with S^7. In particular, like the Fubini-Study metric on CP^3, the Einstein-Kähler base space is foliated by T^{1,1}. However, each S^2 has an identical metric factor. In fact, this brand of X^{p,q} can be further generalized by rendering the characteristic radii of the spheres to be different [10, 11]. This yields a more general cohomogeneity one family of Sasaki-Einstein spaces Z^{p,q,r,s}, which are characterized by four integers p, q, r, s. These spaces can be written in terms of four parameters ℓ_1, ℓ_2, n_1 and n_2, although only ℓ_1 and ℓ_2 are nontrivial parameters. This is because the n_i can be rescaled (3.4) such that only the ratio n_1/n_2 is significant. Also, in order for the Z^{p,q,r,s} spaces to be Einstein, this ratio is written in terms of the ℓ_i (3.5). Nevertheless, it is useful to express the metric in terms of n_i, in order to see the special cases more clearly. In particular, when ℓ_i = 1 and n_1 = n_2, we recover the X^{p,q} spaces. On the other hand, when the ℓ_i = 1 but n_1 = −n_2, we actually recover S^7 by (3.7) and (3.8). Therefore, the Z^{p,q,r,s} spaces are needed in order to encompass Q^{1,1,1} (3.1) and S^7 within a single family of cohomogeneity one Sasaki-Einstein spaces. The left-hand side of figure 2 describe the various special cases of the Z^{p,q,r,s} family of spaces.

In general, the cohomogeneity three L^{p,q,r,s} spaces have U(1)^4 isometry. This is enhanced to SU(3) × U(1)^2 isometry for the X^{p,q} spaces with B_4 = CP^2, and is further enhanced to SU(3) × SU(2) × U(1) for M^{1,1,1}. Since both the Z^{p,q,r,s} spaces and X^{p,q} with B_4 = CP^1 ×CP^1 have cohomogeneity one, it is not surprising that they share SU(2)^2 ×U(1)^2 isometry. This is enhanced to SU(2)^3 × U(1) for the case of Q^{1,1,1}. The exception to the above is S^7, which has SO(8) isometry. All of the above 7-dimensional spaces have isometry groups which contain U(1)^4, which is necessary in order to perform deformations using the U(1)^3 global symmetry while leaving the U(1) R-symmetry untouched.

5We thank Hong Lü for clarifying this point.

– 17 –

Figure 2: Flow diagram for 7-dimensional Sasaki-Einstein spaces.

B. The details for cohomogeneity three generalization of M^{1,1,1}

For convenience, we list all the coefficient functions N_1, N_2, K, L, M, N, P and gauge con-

nections A^i. The coefficient functions N_1 and N_2 are

N_1 = −

(−1 + F ) xα_3μ^2_1

α_1 � −Y α^2_3 + x � Y α_3 − (−1 + F ) μ^2_3 �, N_2 = −

(−1 + F ) xα_3μ^2

α_2 � −Y α^2_3 + x � Y α_3 − (−1 + F ) μ^2_3 �. The coefficient functions K, L, M, and N appearing in (4.5) can be obtained as follows: K = −Δ^{1/3}e^{4ϕ/3} N^2_1 Y α^2_1 + μ^2_1 � Y α^2_1 − x � Y α_1 − (−1 + F ) μ^2_1 � Y α^2_1 , L = α_1 � Δ^{1/3}e^{4ϕ/3} N_1N_2Y α_1α_2 − (−1 + F ) xμ^2_1μ^2 � α_2 � Δ^{1/3}e^{4ϕ/3} N^2_1 Y α^2_1 + μ^2_1 � −Y α^2_1 + x � Y α_1 − (−1 + F ) μ^2_1 �, M = Δ^{1/3}e^{4ϕ/3} [N^2_2 α^2μ^2_1 � Y α^2_1 −x � Y α_1 −(−1+F ) μ^2_1 � −2N_1N_2 (−1+F ) xα_1α_2μ^2_1μ^2 +

+ N^2_1 α^2_1μ^2 � Y α^2 − x � Y α_2 − (−1 + F ) μ^2 � ] + + μ^2_1μ^2(−Y α^2_1α^2 − x^2 � Y α_1α_2 − (−1 + F ) � α_2μ^2_1 + α_1μ^2 � + + x � Y α_1α_2 (α_1 + α_2) − (−1 + F ) � α^2μ^2_1 + α^2_1μ^2 � ), N = α^2 � Δ^{1/3}e^{4ϕ/3} N^2_1 Y α^2_1 + μ^2_1 � −Y α^2_1 + x � Y α_1 − (−1 + F ) μ^2_1 � .

– 18 –

The coefficient function P appearing in (4.6) is given by P = 1 KMΔ^{1/3}e^{4ϕ/3} α^2_1α^2α^2_3 × × � −MΔ^{1/3}e^{4ϕ/3} α^2 � α_1α_3 � −μ^2_1 + N_1μ^2_3 � + x � α_3μ^2_1 − N_1α_1μ^2_3

�_2 + + K � Mα^2_1α^2 � Δ^{1/3}e^{4ϕ/3} α^2_3 − (x − α_3)^2 μ^4_3 � − − Δ^{1/3}e^{4ϕ/3} � Lα_2 � α_1α_3 � −μ^2_1 + N_1μ^2_3 � + x(α_3μ^2_1 − N_1α_1μ^2_3) � + + α_1 � α_2α_3(μ^2 −N_2μ^2_3) + x(−α_3μ^2 +N_2α_2μ^2_3) � �_2� . The gauge connections are given by

A^1 = 1 KM � − � KL^2 + M � (x − α_1) μ^2_1 α_1 + + 1 α_2α_3 � MN_1α_2 (x − α_3) μ^2_3 + KL × × � −α_2α_3 � μ^2 +(LN_1 −N_2) μ^2_3 � +x � α_3μ^2 + (LN_1 − N_2) α_2μ^2_3 � � , A^2 = 1 M � 1 − x α_2 � μ^2 +

N_2 (x − α_3) μ^2_3

α_3 + L � −1 + x α_1 � μ^2_1 +

N_1 (−x + α_3) μ^2_3 α_3 � , A^3 = − 1 Δ^{1/3}e^{4ϕ/3} � −μ^2_3 + xμ^2_3 α_3 + Δ^{1/3}e^{4ϕ/3} N_2 M × × � 1 − x α_2 � μ^2 +

N_2 (x − α_3) μ^2_3 α_3 + + L � −1 + x α_1 � μ^2_1 +

N_1 (−x + α_3) μ^2_3

α_3 � + + 1 KM � Δ^{1/3}e^{4ϕ/3} N_1 × × � − (KL^2 + M)(x − α_1)μ^2_1 α_1 + 1 α_2α_3 × × � MN_1α_2 (x − α_3) μ^2_3 +

+ KL � −α_2α_3 � μ^2 + (LN_1 − N_2) μ^2_3 � + + x � α_3μ^2 + (LN_1 − N_2) α_2μ^2_3 � � . C. Deforming AdS_5 × L^{p,q,r}

We have focused on deformations of supergravity solutions with U(1)^3 global symmetry. Here we note that an analogous procedure can also be applied to the cohomogeneity two 5- dimensional Sasaki-Einstein space L^{p,q,r} found in [33]. A solution of type IIB supergravity

– 19 – is given by

ds^2_{10} = ds^2_{AdS5} + ds^2_Lp,q,r , F_{(5)} =

16πN V (ω_{AdS5} + ∗ω_{AdS5} ) ,

where N is the number of D3-branes and V = vol(L^{p,q,r})/vol(S^5), which is generically irrational and less than one. The volume of L^{p,q,r} is given in [33]. The five-dimensional Sasaki-Einstein space L^{p,q,r} has an isometry U(1)^3 and is given by

ds^2_Lp,q,r = (dτ + σ)^2 + ρ^2 4Δ_x dx^2 + ρ^2 Δ_θ dθ^2 +

Δ_x ρ^2

� s2_θ α dϕ + c^2_θ β dψ �_2 + + Δ_θs^2_θ c^2_θ ρ^2 � � 1 − x α � dϕ − � 1 − x β � dψ �_2 , where σ = � 1 − x α � s^2_θ dϕ + � 1 − x β � c^2_θ dψ ,

Δ_x = x(α − x)(β − x) − 1 , ρ^2 = Δ_θ − x , Δ_θ = α c^2_θ + β s^2_θ .

We put μ = 1 in the last term of Δ_x. When p = q = r = 1(according to [33], α = β), implying SU(2)^2 × U(1) symmetry, the metric becomes T^{1,1} space and When μ = 0, one obtains round 5-sphere.

The two U(1) × U(1) symmetry is associated with shifts in ϕ and ψ. In order to make the T^2 more explicit, we express the metric as

ds^2_{10} = ds^2_{AdS5} + ρ^2 4Δ_x dx^2 + ρ^2 Δ_θ dθ^2 + N dτ^2 + c^2_θ β^2ρ^2L

(dψ + βρ^2LM dτ)^2 + + s^2_θ α^2ρ^2K � dϕ − αρ β c^2_θ K dψ + αρ^2(α − x)K dτ

�_2 , where the coefficient functions are

K^{−1} = (α − x)^2(Δ_θ − x s^2_θ) + Δ_xs^2_θ , L^{−1} = (β − x)^2(Δ_θ − x c^2_θ) + Δ_xc^2_θ − ρ^2K s^2_θ c^2_θ , M = (β − x) + (α − x)ρK s^2_θ , N = 1 − (α − x)^2ρ^2K s^2_θ − ρ^2LM^2 c^2_θ .

The deformed metric is given by

ds^2_{10} = G^{−1/4} � ds^2_{AdS5} + ρ^2 4Δ_x dx^2 + ρ^2 Δ_θ dθ^2 + N dτ^2 � + + G^{3/4} � c^2_θ β^2ρ^2L

(dψ+βρ^2LM dτ)^2 + + s^2_θ α^2ρ^2K � dϕ − αρ β c^2_θ K dψ + αρ^2(α−x)Kdτ

�_2� , where G^{−1} = 1 + γ̂^2 s^2_θc^2_θ α^2β^2ρ^4LK .

– 20 –

References

[1] O. Lunin and J. Maldacena, Deforming field theories with U(1) × U(1) global symmetry and their gravity duals, JHEP 05 (2005) 033 [hep-th/0502086].

[2] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[3] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[4] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[5] J.P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, Supersymmetric AdS_5 solutions of M-theory, Class. and Quant. Grav. 21 (2004) 4335 [hep-th/0402153].

[6] J.P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, Sasaki-einstein metrics on S_2 × S_3, Adv. Theor. Math. Phys. 8 (2004) 711 [hep-th/0403002].

[7] J.P. Gauntlett, D. Martelli, J.F. Sparks and D. Waldram, A new infinite class of Sasaki-Einstein manifolds, hep-th/0403038.

[8] S. Benvenuti, S. Franco, A. Hanany, D. Martelli and J. Sparks, An infinite family of superconformal quiver gauge theories with Sasaki-Einstein duals, JHEP 06 (2005) 064 [hep-th/0411264].

[9] Y. Hashimoto, M. Sakaguchi and Y. Yasui, Sasaki-Einstein twist of Kerr-AdS black holes, Phys. Lett. B 600 (2004) 270 [hep-th/0407114].

[10] J.P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, Supersymmetric AdS backgrounds in string and M-theory, hep-th/0411194.

[11] W. Chen, H. Lü, C.N. Pope and J.F. Vazquez-Poritz, A note on Einstein-Sasaki metrics in d ≥ 7, hep-th/0411218.

[12] D. Martelli and J. Sparks, Toric geometry, sasaki-einstein manifolds and a new infinite class of AdS/CFT duals, hep-th/0411238.

[13] M. Bertolini, F. Bigazzi and A.L. Cotrone, New checks and subtleties for AdS/CFT and a-maximization, JHEP 12 (2004) 024 [hep-th/0411249].

[14] C.P. Herzog, Q.J. Ejaz and I.R. Klebanov, Cascading rg flows from new Sasaki-Einstein manifolds, JHEP 02 (2005) 009 [hep-th/0412193].

[15] D. Lüst and D. Tsimpis, Supersymmetric AdS_4 compactifications of IIA supergravity, JHEP 02 (2005) 027 [hep-th/0412250].

[16] S. Benvenuti, A. Hanany and P. Kazakopoulos, The toric phases of the Y (p, q) quivers,

hep-th/0412279.

[17] J.P. Gauntlett, Classifying supergravity solutions, Fortschr. Phys. 53 (2005) 468 [hep-th/0501229].

[18] S.S. Pal, A new Ricci flat geometry, Phys. Lett. B 614 (2005) 201 [hep-th/0501012].

[19] S. Benvenuti and A. Hanany, Conformal manifolds for the conifold and other toric field theories, hep-th/0502043.

– 21 –

[20] S. Franco, A. Hanany and A.M. Uranga, Multi-flux warped throats and cascading gauge theories, hep-th/0502113.

[21] A. Hanany, P. Kazakopoulos and B. Wecht, A new infinite class of quiver gauge theories,

hep-th/0503177.

[22] D. Martelli, J. Sparks and S.T. Yau, The geometric dual of a-maximisation for toric Sasaki-Einstein manifolds, hep-th/0503183.

[23] B.A. Burrington, J.T. Liu, M. Mahato and L.A. Pando Zayas, Towards supergravity duals of chiral symmetry breaking in Sasaki-Einstein cascading quiver theories, hep-th/0504155.

[24] D. Martelli and J. Sparks, Toric sasaki-einstein metrics on s^2 × S^3, hep-th/0505027. [25] S. Frolov, Lax pair for strings in Lunin-Maldacena background, JHEP 05 (2005) 069 [hep-th/0503201].

[26] D. Berenstein, C.P. Herzog, P. Ouyang and S. Pinansky, Supersymmetry breaking from a Calabi-Yau singularity, hep-th/0505029.

[27] D. Gepner and S.S. Pal, Branes in L(p, q, r), hep-th/0505039.

[28] S. Benvenuti and M. Kruczenski, Semiclassical strings in Sasaki-Einstein manifolds and long operators in N = 1 gauge theories, hep-th/0505046.

[29] M. Bertolini, F. Bigazzi and A.L. Cotrone, Supersymmetry breaking at the end of a cascade of Seiberg dualities, hep-th/0505055.

[30] S. Franco, A. Hanany, F. Saad and A.M. Uranga, Fractional branes and dynamical supersymmetry breaking, hep-th/0505040.

[31] A. Dymarsky, I.R. Klebanov and R. Roiban, Perturbative search for fixed lines in large-N gauge theories, hep-th/0505099.

[32] U. Gursoy and C. Núñez, Dipole deformations of N = 1 SYM and supergravity backgrounds with U(1) × U(1) global symmetry, hep-th/0505100.

[33] M. Cvetič, H. Lü, D.N. Page and C.N. Pope, New Einstein-Sasaki spaces in five and higher dimensions, hep-th/0504225.

[34] M. Cvetic, P. Gao and J. Simon, Supersymmetric Kerr–anti-de Sitter solutions,

hep-th/0504136.

[35] D. Fabbri, P. Fré, L. Gualtieri and P. Termonia, Osp(N|4) supermultiplets as conformal superfields on d(AdS(4)) and the generic form of N = 2, D = 3 gauge theories, Class. and Quant. Grav. 17 (2000) 55 [hep-th/9905134].

[36] D. Fabbri et al., 3d superconformal theories from sasakian seven-manifolds: new nontrivial evidences for AdS_4/CF T_3, Nucl. Phys. B 577 (2000) 547 [hep-th/9907219].

[37] U. Gursoy, C. Nuñez and M. Schvellinger, RG flows from Spin(7), CY 4-fold and HK manifolds to AdS, Penrose limits and pp waves, JHEP 06 (2002) 015 [hep-th/0203124].

[38] C.H. Ahn, More on Penrose limit of AdS_4 × Q^{1,1,1}, Phys. Lett. B 539 (2002) 281 [hep-th/0205008].

[39] C.-h. Ahn, N = 2 sCFT and M-theory on AdS_4 × Q^{1,1,1}, Phys. Lett. B 466 (1999) 171 [hep-th/9908162].

– 22 –

[40] B.E.W. Nilsson and C.N. Pope, Hopf fibration of eleven-dimensional supergravity, Class. and Quant. Grav. 1 (1984) 499.

[41] D.N. Page and C.N. Pope, Which compactifications of D = 11 supergravity are stable?, Phys.

Lett. B 144 (1984) 346.

[42] D.N. Page and C.N. Pope, Stability analysis of compactifications of D = 11 supergravity with SU(3) × SU(2) × U(1) symmetry, Phys. Lett. B 145 (1984) 337.

[43] C.N. Pope, Harmonic expansions on solutions of D = 11 supergravity with SU(3) × SU(2) × U(1) or SU(2) × SU(2)timesSU(2) × U(1) symmetry, Class. and Quant. Grav. 1 (1984) L91.

[44] L. Castellani, R. D’Auria and P. Fre, SU(3) × SU(2) × U(1) from D = 11 supergravity, Nucl.

Phys. B 239 (1984) 610.

[45] R. D’Auria and P. Fre, On the spectrum of the N = 2 SU(3) × SU(2) × U(1) gauge theory from D = 11 supergravity, Class. and Quant. Grav. 1 (1984) 447.

[46] D. Fabbri, P. Fre, L. Gualtieri and P. Termonia, M-theory on AdS_4 × M^{111}: the complete Osp(2|4) × SU(3) × SU(2) spectrum from harmonic analysis, Nucl. Phys. B 560 (1999) 617 [hep-th/9903036].

[47] C.-h. Ahn, Comments on Penrose limit of AdS_4 × M^{1,1,1}, Phys. Lett. B 540 (2002) 111 [hep-th/0205109].

[48] M.J. Duff, B.E.W. Nilsson and C.N. Pope, Kaluza-Klein supergravity, Phys. Rept. 130 (1986) 1. [49] G.W. Gibbons, H. Lu, D.N. Page and C.N. Pope, The general Kerr-de Sitter metrics in all dimensions, J. Geom. Phys. 53 (2005) 49 [hep-th/0404008].

[50] D.N. Page and C.N. Pope, Inhomogeneous Einstein metrics on complex line bundles, Class.

and Quant. Grav. 4 (1987) 213.

[51] M. Cvetič, H. Lü, C.N. Pope and J.F. Vazquez-Poritz, AdS in warped spacetimes, Phys. Rev.

D 62 (2000) 122003 [hep-th/0005246].

[52] M. Cvetič, H. Lu and C.N. Pope, Consistent warped-space Kaluza-Klein reductions, halfmaximal gauged supergravities and CP (N) constructions, Nucl. Phys. B 597 (2001) 172 [hep-th/0007109].

[53] M. Sakaguchi and Y. Yasui, Seven-dimensional Einstein manifolds from Tod-Hitchin geometry, hep-th/0411165.

[54] L. Castellani and L.J. Romans, N = 3 and N = 1 supersymmetry in a new class of solutions for D = 11 supergravity, Nucl. Phys. B 238 (1984) 683.

[55] D.N. Page and C.N. Pope, New squashed solutions of D = 11 supergravity, Phys. Lett. B 147 (1984) 55.

[56] L. Castellani, The mass spectrum in the SU(3)timesU(1) compactifications of D = 11 supergravity, Nucl. Phys. B 254 (1985) 266.

[57] C.H. Ahn and S.-J. Rey, More CFTS and RG flows from deforming M2/M5-brane horizon, Nucl. Phys. B 572 (2000) 188 [hep-th/9911199].

[58] C.H. Ahn, More Penrose limit of AdS_4 × N^{0,1,0} and N = 3 gauge theory, Mod. Phys. Lett. A 17 (2002) 1847 [hep-th/0206176].

– 23 –

[59] M.A. Awada, M.J. Duff and C.N. Pope, N = 8 supergravity breaks down to N = 1, Phys.

Rev. Lett. 50 (1983) 294.

[60] M.J. Duff, B.E.W. Nilsson and C.N. Pope, Spontaneous supersymmetry breaking by the squashed seven sphere, Phys. Rev. Lett. 50 (1983) 2043.

[61] C.H. Ahn and S.-J. Rey, Three-dimensional CFTS and RG flow from squashing M2-brane horizon, Nucl. Phys. B 565 (2000) 210 [hep-th/9908110].

[62] I.R. Klebanov and M.J. Strassler, Supergravity and a confining gauge theory: duality cascades and χSB-resolution of naked singularities, JHEP 08 (2000) 052 [hep-th/0007191].

[63] J.M. Maldacena and C. Núñez, Towards the large-N limit of pure N = 1 super Yang-Mills, Phys. Rev. Lett. 86 (2001) 588 [hep-th/0008001].

[64] M. Cvetič, G.W. Gibbons, H. Lu and C.N. Pope, Ricci-flat metrics, harmonic forms and brane resolutions, Commun. Math. Phys. 232 (2003) 457 [hep-th/0012011].

– 24 –